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Basic Concepts
1. Solow Growth Model : The Solow growth model is named after economist Robert
Solow. Solow Growth Model explains that why the economics of some countries
gross faster than other countries. It shows how saving, population growth and
technological progress effect the level of an economies output and its growth
overtime. Initially we assume that labour technology are fixed and we show that

how growth in capital stock affects nation's output.
2. Supply and Demand of Goods : In the static (Constant) Model, demand and
supply were considered to be fixed and they played a key role in understanding
that model. Similarly, in Solow growth model we can determine how much output

Is produced and how it v?arlous factors using supply and
demand of goods
(i) Supplyjé the Solow Model th@ of goods is based on

production function. The production function states that output is based upon
capital stock and labour force :

Y =f(K, L)
Solow model assumes t tlon Output, f (k)
function exhibits retu
scale, i.e., if labo d capital both ar
multiplied by a gonstant "A' then output |MPK
also gets multip by the same constant = 1
‘A’ because p ction function gives 3*

constant returns to scale, i.e.,
Y= (K, Ly
So, f(K, AL) %K L)

) =Ly ) Capital per worker; k
Since labour is assum m : _ :
we can consider output and Capital per Figure 1: The Production
unit of Iabour Function

=1/L

1) Y/L
Let L=y
becomes f

So, the p ﬁn
Because we have assumed function gives constant returns to

scale so the size of economy, as measured by number of workers, does not
effect the relationship between output per worker and capital per worker.

Slope of Production Function : The slope of production function shows
how much extra output a worker produces when given an extra unit of
capital. So the slope of production function is marginal product capital, i.e.,
If k increases by 1 unit then output increases by MPy units.
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Slope = MPk = f(k + 1) — f(k) = of/ok
The production function becomes flatter as k increases indicating that it
gives diminishing marginal product of capital. When k is low so the average
worker has little capital to work with so an additional unit of capital is very
useful and produces a lot of additional output. But when capital is very high
then average worker has a lot of capital so additional unit produces very less
output.

(i) Demand for Goods : In the Solow Model, the demand for goods comes
from the consumption & investment, i.e., the output per worker is the
summation of consumption perworker & investment per worker.

=c+i
where c=
1/

ent per worker Output, f (k)

Saving : In the Solow Growth Model, we -E; i
assume that people save a fraction of 'S , Consltjmptlon per
their income and cons n of i  pWOrKel
their income every é s’ reﬂ? ’ s.f (k)
the fraction of s@o the fractlon 0 '
consumption is 1='s. | savinas per
Savings =s.y b - bwor ke% P
Consumption :*— S)y i
Now, i

y=c+i »* E
= y=(- s)y& Capital per worker, k
= Y=y~ sy+ Flgurez Consumption and
= i =sy=sf(K) M Savings
= investment per worker =*saving per worker
This equation shows that investment equals saving. Thus, the rate of saving

ractlon of output devoted to investment.
= f(k) — s.f(k)

trates how for any value
ction functio
pt| i

3. Growth in the Capital Stock : "Fhe output of any economy depends upon its
capital stock, those economies which have large amount of capital will have
proportionately greater output in comparison to those which have smaller capitals.
The capital stock of an economy also tends to change over time. There are two
forces which influence the capital stock.

(i)  Investment, and (ii) Depreciation

f
Flg
determln
between ¢

ount of output is
ocation of that output
the saving rate s.
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(i)  Investment : Investment refers to purchase of capital goods and causes the

capital stock to rise. i represent investment per worker and we know that
y=c+i

= y=(-s)y+i
=  y=y-sy+i
= 1 =sy=s.f(k) [ y=1(K)]
= investment per worker = saving per worker
So, investment increases proportionately with the increase in capital stock,
I.e., for given rate of saving, those economies which have higher level of
capital will have higher level vestment

(i) Depregiatio preciation represent LQ Depreciation, 0.k
the loss in the value of asset due to wear ~
and tear or passage of time. A constant _E;

fraction & represent rate of depreciation. ’s

S\c/;erthe amo_unt of c%l“ A)@llatg S
y year = dk. Al nstant frac

o of the capital wears out eve
year.  Theref depreciation s
proportional to the level of capital. If

capital lasts an *erage of 20 years, then * Capital per worker, k
the depreuatlonJe Is 5%, i.e., & = 0.05. Sgure 3 : Depreciation

<

4. Effect of Investment an%rematlon % Ital Stock : Investment causes an
increase in capital stock reduces it. We can express the
impact of investment and deprema on on the capital stock with the following
equatlon

Capltal stock = Investment —

pre a
Since inve & als s. f(k) SO We can write t @tlon as:

s.f (k
Here, Ak is the change in ﬂw ear and next year.
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5. The Steady State Level_ of _Capital : The Output, f (k)
steady state level of capital is that level at Y¥ Ammmm g
which the amount of investment equals the ™
amount of depreciation. At this level the &
capital stock will not change because the
two forces which change the capital, i.e
depreciation and investment are equal to
each other. The steady state level of capital
Is also known as long run equilibrium.
Figure 4, illustrates the steady state level of
capital. Here, k* is the s | of
capital, y* is the
per worker, ¢ is state level o
consumption per worker and s* is the steady .
state level of saving per worker. Figure 4 : Steady State Level
The steady state level of capital k* is the levdl G@PURich investment equals
depreciation, indicating that the capital will not change over time, i.e.,
Ak = 0. Below k* investm Méﬁ |on, so the capital stock grows and
above k* depreciation e S investment s apital stock shrinks. The steady
state level of capital is i rtant for Two reason
(i)  The economy is at steady state level witt remain at steady state.

(i)  The economy which is not at steady state Wel will move towards steady
state in the long run so steady state levélis also known as long run
equilibrium of t conomy °

6. Effects of Change in Sa%?vavte When th
the steady state level of capi ISQ.ri example, if S; is the initial saving

rate k * is the initial steady stat pital. With the increase in saving rate
from S; to S, the investment will rise immediately but since the depreciation rate is
unchanged so the investment exceeds depreciation and capital stock will rise. The
capital | continue to rise until new steady state ained which has
the capital igher level of output than the ori ady state.

The olcﬁjel shows that the savi [ determinant of the
steady state cap f the y will have a large capital
stock and a high level of joutput taté:"Whereas If the saving rate is
low, the economy will have a sm ck and a low level of output in the
steady state.

= C*< Depreciation,

w
R

Output pe;' worker, y

al per worker, k

ing rate in an economy increases

apit

7. Relation Between Saving Rate and Economic Growth : According to Solow
model, higher savings leads to faster growth but only temporarily. An increase in
the rate of saving raises growth only until the economy reaches the new steady
state. The higher rate of savings yield higher capital stock and higher output levels
at the steady state level but it will not maintain a higher rate of growth forever. A
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10.

higher saving rate is said to have a level effect, because only the level of income
per person is influenced by the saving rate in the steady state.

Relation between Saving and Investment : The data collected from various
economies shows that there is direct relationship between the fraction of output
devoted to investment and the level of income per person, i.e., the economies with
higher saving rate have high levels of income whereas the economies with low
saving rate will have low level of income. But the relationship between these two
variables are far from perfect. There are many economies in the world which have
same level of saving but different level of income. There are various reasons for
this like political situ er@a\bility of financial market etc.

Golden Rulegle ital : The Golden RL@I of capital represents
the level that maximizes consumptlon in the steady state and it is denoted by K ;4.
The higher rate of saving yields greater income but the objective of the economist
Is to maximize the economic well-being. For the sake of simplicity we assume that
the policy maker can set the s mat ny level. When choosing a steady state,
the policymaker’s goal is & V4 Ing of the individuals who make
up the society. Individu emselves do not about the amount of capital in
the economy or even @nount of output. Theﬁe about the amount of goods
and services they can“€@nsume. Thus, a benevo policymaker would want to
choose the steady sta ith the highest level of *sumption. Such Steady state

level of capital is call olden Rule level of Capita
In the Solow G h Model, a steady state

all the income is going t@*investment implying
nt is being made so the capital

0%. But if the saving ra %, i.e., no iny,
stock depreciate without rep m@ steady stage unsustainable except
at zero output which again implies censtmption level of zero. Thus, somewhere in
between is the level of savings where the level of consumption is at its maximum
possible value, the correspondlng steady state level of capltal is called Golden Rule

ing rate of 100% implies that
ady state consumption level of

level of

Mathematlcal

it is denoted by gold -
We know that,
c=y—i

atlomgl :
= ¢ =f(K) - s.f(k)

At steady state level, k*
I = Depreciation, i.e., ok*
= s.f(k*) = ok*
c* = f(k*) — ok*
Differentiating both sides w.r.t k*
oc*/ok* = of(k*)/ok* — & = MPk — &
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First order condition, for maximum consumption is

oc*/ok* =0

= MPk-6=0

= MPk=5%

So, the level of capital for which we have MPk = §, represents the golden rule level

of capital.

11. Determining Golden Rule Level of Capital using MPK and & : The slope of the
production function is marginal product of capital (MPK) and the slope of
depreciation is 9.

(i) If MPk > func Is steeper than the depreciation
line. Ther es ou ore than depreciation,
SO co reases.

(i) IfMPK< 8, then the production function is flatter than the depreciation line.
Therefore, increase in capital increases output less than depreciation, so
consumption decreases.

(iii) If MPK = & then the |s parallel to the depreciation line.
Therefore, increase 1 |taI mcrease ut which is equal to depreciation
so the consumptl oes not change. T hrs is the golden rule level of
capital. ‘_,

12.  How to Determine i*e Economy is at GoldeniRule Level of Capital : The
following steps are us}to determine if the econ y is at Golden Rule Level of
capital.

(i)  We know that in is the sum of con t|on and investment so income
per worker is the% of consu per worker and investment per
worker, i.e., y= =y —1i, i.e., consumption per worker
is simply output per worker mmus income per worker

(i) At steady level of capital k*, investment is equal to depreciation. So i = ok*
a state output is f(k*). So replacing ‘v of output and
in!s? get

* *) Sk*
Thus, s&tate output minus state
depreciation. This ie re two opposing effects of
increase in steady e capl st ate consumption :
(@ Anincrease in steady state capital increases output.
(b)  Anincrease in steady state capital means more depreciation.

(ili)  The higher level of capital effects both output and depreciation. If the capital
stock is below the golden rule level then an increase in capital stock raises
the output more than the depreciation so the consumption increases.
Whereas when capital stock is above the golden rule level then increase in
capital increases production but increase in output is less than depreciation
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so consumptions falls. Thus, there is a point between these two level where
Increase in output is equal to depreciation, i.e., Slope of Production function
is equal to slope of depreciation line (MPK = §). So, at this point
consumption is maximum.

Note There is only one saving rate which produces golden rule level of

capital k*gold. Any change in the saving rate would shift the
investment curve s.f (k) and would move the economy to a steady
state with a lower level of consumption

Note The economy does n avitate toward the Golden

13.

Rule steady s
stock suchjas
supportit.

teady state capital
lar saving rate to

Transition to the Golden Rule level of Capital : We have assumed that the
policy maker can simply choo gA y steady state and can easily go there
so the policy maker would ée such s te where the level of consumption
is highest, i.e., golden r eady state. If ec y is already at the golden rule
steady state level then § are no issues for the?icy makers but if the economy
has reached a steady state level other than the gold€h rule level then there are two
possibilities.

(i)  Starting with to%uch capital, i.e., capital is%ore than the golden rule.

(i)  Starting with tweliitle capital, i.e., capital |st than the golden rule.

Case | : Starting With ch capital economy has capital which is
more than the Golden rule S m%‘& maker should aim at reducing the
saving rate such that capital is r ecomes equal to golden rule level. If
the policy maker reduces the saving rate at time to then there will be a sudden
increase in consumption and decrease in investment. Because investment and
depreci e equal in the initial steady state, So Mn will be more
than invest ow the economy will not be i te. Gradually, It will
cause a reductﬂapital stock and conse in ut, consumption and
investment. The riabl e economy reaches a new

steady state level which hav olden rule level so here the
consumption should be more than [

h
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Starting with too much capital

If & >k

then increasing ¢’
requires a fall in s.

In the transition to the
Golden Rule, c‘ ..............................................
consumption is higher

at all points in time. I

t time

Figure 5 : Transition to Golden Rule Level of Capital

Note Compared to the old Mc@sumption is higher not only
in the new steady but also alo he entire path. So when

capital is above th 1den rule level, r*nction is saving is a good
economic policy. -

Case Il : Starting wi*too little capital : If the %nomy has less capital then to
reach the golden rule | of capital, the policymaker should increase the saving
rate. When policy makeriimncreases the saving rateythe capital will start rising which
will increase the outp r worker. The umption will fall initially but
gradually it will rise becau@m#gw nd finally consumption reaches a
level which is more than the initial of consumption. Suppose at time t, the
policy maker increases the saving rate so the consumption will fall immediately.
The increase in saving rate causes increase in capital stock over time which causes
, tually economy

increas output and hence increase in consumptio
reaches th @3 level of capital where the coni IS maximum.
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14,

15.

Starting with too little capital

If k™ <K,y

then increasing
Cak requires an y ..........................................
increase in s.

Future
generations
enjoy higher (

consumption, i — S P SNSRI
but the current
one experiences
an initial drop L, time
in consumption.

Figure 6 : TrdfSition to Golden Rul@ael of Capital

o
Population Growth in the Solow Growth Model : Instead of assuming that the
population is fixed, w*ow suppose that the popul*on and the labour force grow
at a constant rate n. Capital per worker is k = K/L &j output per worker isy = Y/L.

If labour force (L) ingreases then it with decr capital per worker and also
output per worker so thatdncrease in labor for a%ses a decreases in capital. The

change in capital per wo an be repr as Ak =i — (o + n)k. Here 'n’
represent the rate at which Iatﬁ? rowmg This equation shows that
Investment, depreciation and population grovvth changes the capital per worker,
investment increases the capital per worker whereas depreciation and population
growth capital per worker. ‘

auses decrease in capital due and tear. Whereas

e decreases capital per v@ ding it more thinly
Break Even Level of In\aw investment which is necessary to

keep the capital per worker constant is called break even level of investment.
Depreciation and population growth are two reasons due to which the capital per
worker shrinks. If n is the rate of population growth and & is the rate of
depreciation then (6 + n)k represents the break even level of investment, i.e., the
amount of investment necessary to keep the capital per worker k as constant.

increase in
among the pop
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16. Steady State with Population Growth : An economy is in steady state if the
capital per worker is not changing. Let k* denotes the steady state level of capital
so at k* investment is equal to depreciation and population growth, i.e., i = (0 + n)k

fik)
/ (6 +n)kc

et

sfik)

-,
#*

Investment, depreciation, and output per worker

kt
Capital per worker (k)

Figure 7 : Steady §Egte Level with Depreciatio-rlr&nd Population Growth

As shown in Figure 7,1?1 order to retain an unchangiKng level of capital per worker
k over time, we have tQmnvest enough to create néw capital to offset this loss over
time. Thus, to maintain¥a ssteady state” where @tal per worker 1s constant over
time, we must have that : 9
Ak =s.f(k) - (o g)l,!wa
=  s.f(k*) =(o+ n)k*
where * indicates steady state values. Note how this shows that, as our capital per

worker ger, larger amounts of investment are requi maintain Ak = 0.
The eco
replenishment is

ilL.always work itself to a steady stat ITthe rate of capital
r than the loss due to de population growth,

e, s.f(k) > (o then t ital s ' the'rate of replenishment is
lower than depreciation n h, €. s.f(k) < (6 + n)k, then the
capital stock will shrink.“Only the re equal will there be no further

adjustment to the capital stock in the economy.
Deriving Steady State Consumption
We know that

y=cC +
= Cc=y-—i
= c=fk)-i
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at steady state level of capital, c* is consumption, f(k*) is output, and i = (& + n)k*
Is break even investment.

c* = f(k*) — (5+ n)k*

Note There are an infinite number of possible steady states, some
higher than others. Which steady state our economy is in (and
therefore what output we have) depends on where the s.Ry)
curve meets the (0 + n)k curve, which in turn depends on the
savings rate sin the economy.

in the Solow Mo

F pulation growth has the following effects

17.  Effects of Populati GRA '
(i) PODUHﬂﬂ&e

Xplains sustained growthﬁ“l output. At the steady
state level of capital the population growth, the capital per worker and the
output per worker all are constant. Since number of workers are growing at
constant rate n, however, total capital and total output must also be growing

at rate n. FA"’

(i) If the population gr e mcreases@ steady state level declines. Thus,
the Solow model icts that econom ith higher rates of population
growth will haveslower levels of capital worker and therefore lower
incomes. -

(itli) Golden rule levgl of Capital is obtained re marginal productivity of
capital is equal t0 the sum of depreciation rate and population growth rate,
i.e., MPk = 5+na o

Note A change in populaos.growth ra e a change in the saving

rate, has a level effec om e per person, but does not
affect the steady state growth rate of income per person.

9@ n v“a's'
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Exercise 1

Theory Questions
Steady State

QL. In the Solow model, how does the saving rate affect the steady state level of
income?

Q2. In the Solow model, how does the saving rate affect the steady state rate of
growth?

Q3. Consider the following statement : “Devoting a large share of national output to
investment would help to restore rapid productivity growth and increasing living
standards.” Do you agree with this statement in the context of the Solow Model.
Explain?

Q4. Explain why an i I model.has a level effect but not a
growth effectgl . o,

Golden Rule Level of Capital

Q5. In the Solow model with no population growth and no technological progress,
explain the concept of Golden Ie¥el of consumption. Use a diagram to discuss
your answer. MJ

Q6. Define the Golden rule of capital (K;old 6

Q7. What is meant by Gol@ Rule Steady State? Ho@;es the economy get there if it
has smaller amount of initial capital?

Q8. Explain short run and*mg run implications of i*easing capital per worker to
reach golden level.

Q9. Suppose that in the ( w model without tec gogical progress, an economy
begins with less capital in the Golden R &teady State. The saving rate at
time to rises to the golden level. Sho@ime path of adjustment of output
per worker, consumption per om tment per worker.

Q10. Suppose that the economy has reached a steady state with more capital than it
would have in the golden rule steady state, what is the transition to the golden rule
steady s

Q11. What is@i ule level of capital? Explain the M/entions required
to achieve Rule level if the actual capital'st rs from the Golden
Rule level.

Q12. What do you un erstandﬂl ? Derive the condition for
golden rule steady state.

Q13. An economy is at a steady state with less capital than the golden rule steady state.
Show the transition paths of output, consumption and investment towards the
golden rule steady state.

Population Growth

Q14. Discuss the steady state condition in the Solow model with population growth and
no technological progress.

Macro Economics 16.13 By :(Dﬁeeraj Szm, 9899-192027

For MA Economics Entrance www.primeacademy.in



Prime jlcadémy, www.primeacademy.in

Q15. In the Solow model, how does the rate of population growth affect the steady state
level of income?

Q16. Show that in the steady state of the Solow model without technological progress,
the capital per worker and output per worker are constant but total capital and total
output grow at the rate of population growth.

Q17. Assuming zero growth rate of technology show the effect of an increase in the
stock of labour and decrease in investment rate on the economy’s level of output in
the context of the Solow model.

Q18. Consider an economy characterized by the Solow Model this is initially in steady
state. A war reduces the capital st in this economy while leaving the labour
unchanged. The war_is line in the saving rate of the
economy. Illustr term_impact of the war and the
change in the savi ain mﬂomy.

Q19. Consider an economy with a fixed saving rate and no technological progress.
Suppose there is a war that does not directly affect the capital stock but the
casualties reduce the labour force. What is the immediate impact on total output
and on output per worker? ASSUWG saving rate is unchanged and that the
economy was in a steady s hat happens subsequently to output
per worker in a post w. nomy’) Does t @owth rate of output per worker
increase or decrease af@e war? ¢

Answer -

(i)  The production function in the Solow growth model is Y = F(K, L), or expressed
terms of output per ker, y = f(k). If a war réduces the labor force through
casualties, then L fallsgout k = K/L rises. The pro@tion function tells us that total
output falls because %e are fewer worker utput per worker increases,
however, since each worl@mas more capital Qé

(i)  The reduction in the labor j,
means that the capital stock p &+ k
worker is higher after the war. Z
Therefore, if the economy were 2 sf (k)
in a ste =
then after 2
has a capit =
than the steady g
shown in adjoining Figurg, as ar‘ £
increase in capital per worker 2
from k* to k;. As the economy =
returns to the steady state, the O i
capital stock per worker falls :
from k; back to k*, so output per CApiin per Workn:
worker also falls.
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Numerical Problems

Q1. Consider an economy described by the following production function :
Y — f(K, L) — Kl/2L1/2
(i)  Assume that the rate of depreciation is 10% per year and rate of saving is
30%. Find the steady state capital stock per worker of Solow’s model.
(i)  Does your answer to (i) also provide the golden rule steady state solution?
(ili)  What is the steady state level of investment?
[Ans.: (i) y=3,k*=09, (ii) k;md =25, (iii) i=0.9]
Q2. Consider an economy des by llowi roduction function :
_L
(1) Assumﬁhat e of depreciation is 10% pegr and rate of saving is
30%. Find the steady state capital stock per worker of Solow’s model.
(i)  Does your answer to (i) also provide the golden rule steady state solution?
(ili)  What is the steady state level of investment?
[Ans.: (i) y=09,kt= 27&“@! 296296, (iii) i=2.]
Q3. Consider an economy glbed by the foIIowmgﬁductlon function :
Y = f(K, L) L /4L3/4
(i)  Assume that theirate of depreciation is 20%#per year and rate of saving is
25%. Find the steady state capital stock per worker of Solow’s model.
(i)  Does your answ (i) also provide the goﬁ rule steady state solution?
(ili)  What is the stead e level of investme
[Ans.: (i) Y= (L25)" K81 i“m Ia@ o = (1.25)7,
T (1.25)4’3
(i) i —5
Q4. In the odel, without technical change but a Mte of growth of
population economy in steady state at ti the economy attain
the golden rule f consumption per hea t Co, ko and yp be the
levels of consu n, capi
(i)  Derive and explain erizes the golden rule
(if)  If ko is greater than the capi r head at golden rule, show that the
economy is dynamically inefficient by reducing the rate of savings.
Consumption per head can be increased at all points of time : in the open
time interval (to, t1) and in the semi open time interval (t;, ).
(iii)  If ko is less than the capital stock per head at golden rule, increasing the rate
of savings to reach the golden rule, involves an intergenerational tradeoff,
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Q5. Consider an economy with the production function Y = K® L¥* . Assume that a =

1/3.

(i) s this production function characterized by Constant Returns to Scale?

(i) In terms of saving rate s and depreciation rate o, derive expressions for
capital per worker, output per worker and consumption per worker in the
steady state.

(ili)  Suppose 6 = 0.08, and s = 0.32 what is the steady state capital per worker,
output per worker and consumption per worker?

[Ans: (i) Yes, (ii) k*—[ 3/2 —[5]1/ andc*=(1-s) [5]

(i) k*=8,y*=2, C*M !
Q6. An economy n function Y =

(i) Whatis the per worker productlon functlon’)
(i)  In terms of the saving rate 's' and the depreciation rate 'd' derive steady state
levels of capital per worker, output per worker and consumption per worker.

(ili)  Suppose that & = 5%. VKA{ steady state output per worker and
consumption per wo %

(iv)  What is the Gold Ie steady state @ capital stock per worker when
o =5%?
- = * 2 *
[Ans: (i) y= 05\/1(° (i) k _45@2 y*“‘; c =(1—s):—5,

(i) k*=1,y* 1/24, 045, (V) ko= 25 ]
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