Chapter §j

Functions

Learning Objectives :
After learning this chapter you will understand :

Functions.

Types of Functions.

Domain and Range of a Function.
Operations on Functions.

Composition of Functions.

Exponential and Logarithmic Functions.
Inverse of a Function.

Trigonometric Functions.
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Basic Concepts
1. Function : A function £ from a non empty set X to a set Y is a rule which

associates to each element x in X a unique element in Y. The unique element of Y
which £ associates with x in X is denoted by f(x). The mapping £ of X to Y is

denoted by : £ X->Y.
So we cannot have a function which gives two different outputs for the same
argument.

2. Domain and Range of a Function : The set X is called the domain of f£. The
element y, which corresponds to the element ¥, is called the value of the function at

X. It is denoted by f(x) re of he set {y:y=1(x) for some x € X}, is
called the co- do rr eﬂ X belonging to the domain set is
called Indepe epresents the element

correspondi ed the dependent variable.

Note : £:X—Y denotes that £ is a function from X to Y.
Note : Range of £ is asubset of Y, which may or may not be equal to Y.

3. Function as Sets of Ordered Pairs : If X and“Yeare two non empty sets, then a

function £ from X ta’ Is a subset of X x ¥satisfying the following two
conditions :

(1) ForeachXEX*y)efforsomeer *
(i) (x,y) e £and (x/) € £ =N &y’.

Note : Every function is a relation but every relation is not necessarily a
function.

4, Types of Functions : The functions are of the following types :

(i) Onto Functions : If the function
|s such that each element in Y
t least one element in X,
t £ 1s._a function of

IS th
then we
onto Y’. 1S ¢
equal to the co-domain o
function is also called a ‘Su
‘Surjective Function’.

(i) Into Functions : If the function
£ X-Y is such that there is at least one
element in Y which is not the image any
element in X, then we say that the
function £ is into. In this case the range

ction’ or a
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(ii)
(iii)

of £ is the proper subset of the co-
domain of £.

(ili) One-one Functions : If the function
£ XY is such that, each element in X
has distinct image in Y, then we say that
the function £ is one to one or one-one

function.
(iv) One-one Into Functions : If the function

£ : X=>Y is such that, each element in X

has distinct mageM W

least one
image any

one-one and into. An
one to one |nto function is also called an

the f
‘Injective Function’ or an ‘Injection
(v) One-one Onto Functions If the

function £ : XY W
element in X has '&mage inyY
there no eIement%Y which is not the
image any eIeinn X, then we say that 1
the function £ is one-one and onto. An
one to one onto“function is also called a

‘Bijective Functien’ or an ‘Bijection’. _

Note : To prove that the given function y = f(x) is a one-one function put

f(x1) = f(x2) and verify that x; = x..

Real Functions : If the domainfandica=domain of a function are sets of all real
numbers, then the function is called real valued function or real function.
Types of Real Functions :

Consta jon : The function which associates to eachare
number o, i

ber x, a constant

onstant function. Symbolically, = o. Figure (i).
/]
f(x) =a f
(i) (if) (i)

Identity Function : The function which associates to each real number x the same
number x, is known as identity function. Symbolically, f(x) = x. Figure (ii).
Modulus Function : The function which is defined as
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(iv)

(V)

(Vi)

(vii)

X, when x>0 Figure (iii
JORME ure (i)
—X, when x <0

Algebraic Function : A function defined in terms of polynomials and roots of
polynomials is called an algebraic function.

Polynomial Function : The function which is of the form
f(x)=a,x" +a, X" +a,x" 2 +....+a_ is called a polynomial function of degree n.

Where a,,a,,d,....a, are real numbers and a #0 and n is a whole number.

Rational Functlon Th ich is

the form (X):@ is rational
Q(x)

function, whg'f are polynomials and

Linear Function : Any function of the form f(x) = mx + b, where m and b are
fixed real numbers, is called a linear function.

(viii) Quadratic Function : An% sn of th‘e’fo@ (x) = ax? +bx+c, a=0,where
Cc

a, b and c are real num alled a quadratic tion. The graph of the quadratic
function represents a UQped parabola. x= —2% represents the vertex of the parabola.

Moreover, this point is *er the maximum point or th*ninimum point of the parabola.

b b?
If a>0, then T(X)= @Jr bX + C has a minimum=point at ( C__j and if

2a 4a
28 ”
a<0,then f(x)=ax’+bx @anomtat[ 23’ _4_aj.
(ix) Power . Any function of the form f(Xx) = e n is a positive
integer, is wer function.
(xX) Reciprocal F & %%s ach non zero X to its
reC|procal 1 is called reciprocal f f(x )_
(xi) Exponential Function : The function which associates each real number x to a*
or €* is called exponential function. Symbolically, f(x)=a" ore"
An exponential function y=2"% y=3" y=2*
with base ‘@’ (> 1), is defined as y =a* where —o < 1
X < oo. Since the independent variable appears as an /
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exponent, y=a*is termed as an exponential

function. When a < 0, the function may not have a

real value for certain values of x. Whena=0ora =

1, we have a case of constant function. Thus, in

general we always define a > 1.

Features of Exponential Function : The important features of an exponential

function are as under :

(i)  For domain (—o0, ), the range of the function is (0, ), i.c., the value of f(x)
Is positive for all values of x.

ion passes through the point (0, 1).

(i)  The graph of an exponential f
onotgnically increasing when a > 1 and
. The otonicity of the function

(iii) It is a monotonic
monotonic r
impliesghat unique value of y for a gi lue of x and vice versa.

Natural Exponential Function : Geometrically, f(x) =e*
f/(0) may be interpreted as the slope of the tangent A
to the graph of y=a* at (0, 1). The slopes of 2* and
3* are respectively 0.7 and ies.that if
f(x)=2"= f'(0)=07 and@ (x)=3" = f’@k 1.
Thus, it is reasonable t@sume that as a incr I
from 2 to 3, so f’(@ncreases from 0.7 to < >

without skipping any intermediate values. For some M
values between 2 to 3,*43 ought then to have f’(O)* in particular. This value of a

is a fundamental constamt in mathematical analy§ It is an irrational number so

distinguished that it is &ally denoted by the si letter ‘e’ and is given by € =
2.718281828459045..... ?

Because a = e is precise y@e WM gives f’(0)=1, we obtain the

natural exponential function f( f/(x)=¢".
Now, f(x)=¢* = f/(x)=¢* = f"(x)=e*. Because e* > 0 for all x, both

f/(x) and_f”(x) are positive. Hence, both fand f’ are strictl;'%masing.
(xii) Logarithms? rithm to a given base is the i power to which the

base must be fai obtain t
numbers such th =1, ﬁl
base ‘a’. Symbolically,

If a*=b [Exponential Form]
then log, b = x [Logarithmic Form]

hat number d b are positive real

m of the number n to the

0
1

Note The number ‘U in the statement Ilog.b=x is called the
antilogarithm of x to the base a2 and is written as b = antilog x.

Types of Logarithms : The logarithms are of the following types :
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(i) Natural Logarithms : Logarithms of numbers to the base ‘e’ are called
natural logarithms, these are represented as ‘In’.

(i)  Common Logarithms : Logarithms of numbers to the base ‘10 are called
common logarithms.

Note

(i) The base of a logarithm is never taken as ‘0’ because 0 raised to
any power is meaningless.

(ii) The base of a logarithm cannot be negative number, otherwise

certain values will become inary.
(iii) The base of a logarit aken’as 1 because 1 raised to any
power is one only J
b

Note : (i)  Logarithms to the base 10 are called common logarithms.
(i)  Logarithms to the base e are called natural logarithms.

Rules of Logarithms : If @@4%0{0@& real numbers, then

(@) log, xy=log, x+108yYy, (b) '09a5= x—109, ¥, (c) log,a=1,
Y
log, X
log, x =—22 log. b= _
(d) 9. Hgb , (e) Oa %I a2 @ 10g,1=0
Note There is no mula for |og(mm and Jog(m-n) i.e.
log(m+n) = logm + Iogond log(m—n) = —logn.

Logarithmic Function : The f[n‘m ch associates each real number x to
Iogax is called logarithmic function. Symbolically, f(x)=1log, x. The

logarith ositive number is defined as a power to whi ase (> 1) must be
y =log, x
A

raised to th ber. Logarithmic function

are inverse to e tial fumetions. The inv /
an exponential tion p a >
y = log, x, where log is abbreviati fl m.

We note that domain of this function is (0, o) and

the range is (—o0, ). v

Since an inverse function is obtained by mere algebraic manipulation, its
geometrical properties are similar to the properties of an exponential function. Like
an exponential function, a logarithmic function is also monotonic.

Features of Logarithmic Function : The important features of a logarithmic
function are as under :
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(i)  The domain of the function is (0, ) and the range is (—o0, ).

(i) It is a monotonically increasing function.

(ili)  The graph of logarithmic function passes through the point (1, 0), it implies
that logarithm of unity is always zero.

(i)  The logarithm of a number lying between 0 and 1 is negative.

(i)  The logarithm of a negative number is not defined.

Note €"* =X and Ine”* =X,
(xiit) Signum Function : The function which is defined as

[x] . when x #0 IS known a gnum function.
f(xX)=1 x

X,

(xiv) Greatest In‘!e unction or Step Function: Tﬁ !unction which associates
each real number x to the greatest integer less than or equal to x is called the
greatest integer function or step function. Symbolically, f(x) = [X].

T eRAY ¢
\Z A
— & 2

(xv) Transcendental Func*n : Functions other than t*algebraic functions are called
transcendental functigas. These include the &cular functions defined by

f(x) = sin x, cos X, tan x&t X, SEC X, Or COSEC X,
The exponential functlonoflned by f(x)=¢
The logarithmic functions d&eﬁ“@o a X

And combinations of these and algebraic functions.

(xvi) Trlgon Functions : The functions which associa

real number x to
the trigo tangent x, secant x or
cosecant X,

i0s such as sin x, cosine X, tange
& trigonometric function.
(xvii) Inverse Trlgon etrica P\ in trigonometrical functions
sinx, cos™x, tan™x he inverse of the corresponding

trigonometrical functions.

(xviii)One to One Function : Let A and B be two non empty sets. A function from A to
B is called a one to one function if for each f(x) in range R; there is one and only
one value of x in the domain Ds. In other words, if f(a) = f(b) for elements a and b
in the domain of f, thena =b.

(xix) Even Function : A function f(x) is said to be even function if f(—x) = f(x).

(xx) Odd Function : A function f(x) is said to be odd function if f(—x) = —(x).
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(xxi) Increasing and Decreasing Functions : A function f(x) on an interval (a, b) is
said to be increasing if f(a) < f(b) for a < b and decreasing if f(a) > f(b) fora<b
and constant function if f(a) = f(b).

y=f(x) \Q y=f(x)

a b a b a b
Increasing function Decreasin [ Constant function

(xxii) Inverse Function : Let f1 to function, i.e., f be a bijection.
Then a function A f the f“ion f iff
fa)=b <.y rallaeandb e B. .

Note : Only one-one and onto functions possess inverse functions.

Properties of Inverse Function

(@) Iffand g are inverses o en both are one to one functions.
(b) Letfbeaonetoon on with th@ ain A and range B. The function
g with domain B nge A is called thedfverse of f if
g[f(x)] = vV xeA

(c) The inverse function g of f is'—denoted by f731 Thus,

ff(X)]= x% X e A. This means tha* fLf(X)] is an identity

function. - °
@ (oier % Q&
© (of)*=(i*od¥ a2

() If f is differentiable,*the nverse on | provided that : either
f/(x)>0 forall xinlor f'(x)<o0 forall xin I.

(g) Considering function composition helps to understand the notation f .

composing a function with itself i iteration. If fis

imes, starting with the value x, th IS* written as f"(x);

, etc. Since f I1(f (X)) =x ~Land f"yields ",

pl ;

(h)  If the function fis Wﬁ n er nd f '(x) # 0 for each x €1,
then the inverse f ~“will be ren n f(1). Let function g is inverse of
function f then

90 =7
(xxiii) Involutory Function : In mathematics, an involution, or an involutory function, is
a function f that is its own inverse,

f(f(x)) = x

for all x in the domain of f.
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(i)

(if)

(iii)

(iv)

(V)

QL.

Q2.
Q3.

Q4.

Operations on Functions

Sum : Let fand g be two real functions whose domains are respectively D; and D.
Then the sum function denoted by f + g is defined by the rule

(f+g)(x) =1f(x) + g(x) V x € D. Where D = D; n D, is the common part of the two
domains D; and D, and D; n Dy # ¢.

Difference : Similarly, the difference function denoted by f — g is defined by the
rule (f — g)(x) = f(x) — g(x) V x € D. Where D = D; n D, is the common part of the
two domains D; and D, and D; n D, # ¢.

Product : Similarly, the product function denoted by fg is defined by the rule

fg(x) = f(x)g(x) V x € D. re D1 N D, is the common part of the two

domains D; and D, D #

Quotient : wo, nt function ed b&“s defined by the rule
. g

i (X) = @ V x € D. Where D = D; n D, {x | g(x) = 0} is the common part of
g 9(x)

the two domains D; and D, e s‘)oi at which g(x) =0and D; N D, # ¢.
Scalar Multiplication : E y real numbe function Kkf is defined as
(kf)(x) = k.f(x) V x e D.@ ﬂ
Q -~
Exercise
Topic | : Functions *

Which of the followi elations are functions? e"e reasons. If it is a function,
determine its domain a nge.

) R s,
1 1), (4,2), (0,9), (0,4%), )
(i)  {(1,3), (1,5), (2,5)}. $W®

[Ans. Relations (i) & (ii) are functions but relation (iii) is not a function]

n x = |y| with x > 0 represent y as a functi ‘0"

Does th

[Ans. No]J

Is the rule a\es to each of the 50 stu a her marks out of a
maximum of 10 rks a f

one-to-one?
[Ans. Yes, Butitis noto

The relation f is defined by f(X) = {XZ = x=3

3X 3<x<10
x? 0<x<?2
3X 2<x<10
Show that f is a function and g is not a function.

The relation g is defined by g(x) = {
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Q5.

Q6.

Q7.

Q8.

Q9.

Let f be the subset of Z x Z defined by f = {(ab, a + b) : a, b € Z}. Is f a function
from Z to Z? Justify your answer.

[Ans. No]
-2
Let A=R—{3},B=R—{1}. Letf: A —> B be defined by f(x)=%. Then
(@) fis bijective (b) fisone-one
(c) fisonto (d) one-one but not onto
[Ans. (a)]
Given that R denotes the a ers, wirch of the following mappings is a
one-to-one(i.e. inj f [DSE Eco. Entrance 2006]
(@)  f(x) = tafrx € Rand x> 0. o,
(b) f(x) =|x| wherex € R
(c) f(x)=1/xwherex € Randx>0.
(d) f(x) = |x| where x € R and x > 0.
[Ans. : (d)] &RAJ S
KN (7 N
Suppose the functiondf): R.. — R is given a f(x)= It_ldt. Consider the
1
following statements :*r X, Y € Ry, [ﬁ MA Eco. Entrance 2011]
flx+y) # [t f(¥) o
f(xy) = f ()8 (¥) RS
In general, 9 @
(@ (i) istrue and (ii) is fa@ Pv“a
(b) (i) is false and (ii) is true
(c) Both are true
(d Bo alse
[Ans. : ‘
Suppose a realﬁ function f is defined | ers excepting 0, and
satisfies the fol g co or all x, y in the domain.
Consider the statements [DSE MA Eco. Entrance 2011]

f(1) =f(-1) =0

f(x) = f(-x) for every x
(@ (i) istrue and (ii) is false
(b) (i) is false and (ii) is true
(c) Botharetrue
(d) Both are false
[Ans. : (c)]
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Q10.

Q11.

Q12.

QL.

Q2.

Q3.

Q4.

Let N = {1, 2, 3, . . .}. Suppose there is a bijection, i.e., a one-to-one
correspondence (an “into™ and “onto” mapping), between N and a set X. Suppose
there is also a bijection between N and a set Y . Then,

(@) there is a bijection between Nand X U Y

(b) there is a bijection between Nand X N Y

(c) thereis no bijection between Nand X 'Y

(d) there is no bijection between Nand X U'Y

[Ans. : (a)] [DSE MA Eco. Entrance 2015]

If f(x + 2y, X — 2y) = xy,

the y) Is [ISI MS QE 2015]
x2 _ yz yz
(@) 3 e 4 Qd) None of these
F

[Ans. : (a)] .

How many onto functions are there from a set A with m > 2 elements to a set B
with 2 elements? [ISI MS QE 2017]
(@ 2m (b) 2m eRA@I &2 @ 22

[Ans. : (d)]

Topicn Domain and Range o ctions

For the following functions what are the domain and range of f?
@ f0=—, () f0=(-1" =
X417 | x|

@ L xe[15] & f= G F(0)= =

|x]’ ’ 6 2+x¢ X+1
[Ans. (a) Domain:x e R',%a %og%, (b) Domain : x > 1,
Range : f(x) > 0]
The don@we unction f(x)=vx—1++6-x,is ‘
@ [1,o (—o0, 6) (c) [1,6 none of these
[Ans. (c)] P

1
: e ) =

The domain of the function f(x) m,ls
(@ [0, ) (b)  (=,0) () (=, 0] (d) [1, )

[Ans. (b)]

The domain of the function f(x) =+vx* -1- Iog(«/l— x), X20is
(@ (-0, -1) (b) (-1,0) () null set (d) none of these
[Ans. ()] [ISI MS QE 2015]
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Q5. Find the domain of the following functions :

M f(x) =\x\ () f(x )_7
x+1

(i) f(x (X) = 5X1+3 (iv) F(x) = _p¥

(V) f(X)—m (Vi)  f(x)=v2x+4

(vii) f(x)=+5-x (viii) 109 =" 2x-1

; x-1 1

L T J

[Ans. (i) R = ( R {0},
(v) "—* x>—2 J(vil) x <5, hqm R-{0, 1}, (ix)

—3<x<lorx>2,(x) x>1]

Q6. Find the range of the foIIowmg functi
) fx)=x @ﬁ)& 15‘ (iii) f(x)—ﬂ
— X
[Ans.(i) [0, o0), (i) %3] (i) R- %}]

Q7. Calculate the domain %he following function : *

f(x) = j_z
X—a/ X
N U

[Ans. x> 2andx;é2]$

Q8. Determine the domain on F%& x defines y as a function of x.
[Ans. x> 0]

Q9. Find the domain and range of the function :

Lo Wi
e +4
[Ans. X< -2 0 2] P

Q10. Find the domain and range of v5—
[Ans. Domain:-5<x<1,Range:0<y< 3]
Q11. Let

() = x?—4x+3  x<3 4 900 = x—3 X<3
X—4 x23an X2 +2x+2 x>3

Describe the function f / g and find its domain.
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Q12. Consider the function f mapping points of the plane into the plane, defined by

QL.

Q2.

Q3.

(i)

Q4.

Q5.

Q6.

Q7.

f(x, y) = (x -y, X +y). The range of this function is

(@) the 45 degree line

(b) aray through the origin but not the 45 degree line

(c) theentire plane

(d) the first and third quadrants [DSE MA Eco. Entrance 2011]
[Ans. : (C)]

Topic 111 s of Functions
Let A=R-{2}a RAAJB defined by f(X)=—-— for all

X € A, show that f

Determine whether the following functions are one-one or not.
(i) f:R—>Rgivenbyf(x):x3+4VXeR
(i) f:Z— Zgiven by f(x) =

[Ans.(i)  Yes, (i) ~ NgL \S‘o

Determine whether thegellowing functions are e\@or odd :

y=3x+4, (i) y=g, -1 (iii)) y=x (iv) y=2x*-x*+1
+4
[Ans.(i) Even, (ii)‘ven, (i) Odd, (iv) E\ﬁ]

f(x) = x* +kx+1 for %if f(x) is an even fé@n find k.
[Ans. k=0]
S pyu3

The expenditure of household on consumer goods (C) is related to the household
income (Y) in the following way. When the household’s income is Rs. 1000 the
expendi onsumer goods is Rs. 900, and wheneve, i IS increased by

Rs. 100@ ture on consumer goods is incr . 80. Express the
expenditure™o

r@mer goods as a functio , assummg a linear
[Ans. C = 100 + 0.8Y] V“

relationship

Determine the numbers a, b, ¢ such that the function y = ax? + bx + ¢ fits to the data points

(-1, 7),(0,4) and (2, 6). Hence express the quadratic function.
[AnS a:ﬂ,b:—§,C:4, y:ﬂxz_Ex+4]
3 3 3 3

The curve f(x)=x*+4x+5 is symmetric about the line x = k. Find k.
[Ans. k = -2]
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Q8. Find the maximum and minimum point of each of the following parabolas :
(1) f(x)=x>-4x+3, (i)  f(x)=-2x*+40x-600
[Ans.(i) (2,-1), (i) (10, -400)]

Q9. Solve the following equations :
(i) x*-5x*+4=0 (i) x°-9x*+8=0
[Ans. (I) x=#1Lx==x2]

Q10. A model occurring in the theory of efficient loan markets involves the function :

U(X)=72—(4+x)?
Where r is a const in Wh U(x) attains its largest value.

Topic IV : Exponential and Logarithmic Function

Q1. Prove that log2+16 Iog%+12 log §+ 7Iog§ =1,

Jao

Q2. Findthevaluesoffollovyg' 6
(i) Inl (ii) (iii) In(1¢ (iv) Ind (v) In(-1)
[Ans.(i) 0, (i) Q(m) -1, (iv) «#7386, (v)  Not defined]

Q3. Solve the following eq&tions for x : *
(i) 5e*=16 (i)@w*Ace =k (iii) e+ 2 (iv) 3*=8
(v) Inx=3 (vi) ﬁf(x2 4x+5)=0 ? (vii) In[x(x-2)]=0

(viii) mwi—a_o{D
[Ans. (i) ?né— (“\f\!g%L_ Giiy x=0, (iv) x=n8

16 In3’
(v)
Q4. Solve fo@

(vi) x=2, (vii) x=1++2, (viii) x=36]
[Ans. x_—orx

_3)—log, 4=2. 9

Q5. Find the domains of the f wing tio

(i) y=Ih(1-x) (i) y In(4 — x?)
(i) Y= n{§+ﬂ
[Ans.(i)  x<1, (i) -2<x<2, (i) x<-lorx>1]
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Q6.

Q7.

QL.

Q2.

Q3.

Q4.
Q5.

Solve the following inequalities :
(i) Inx<-1 (i) In(x*=x-=1D=0 (iii) Inx+In(x-3)<In4
[Ans.(1) 0<x<lle, (i) x<-lorx>2, (i) 3 <x<4]

Transform the following function to its natural logarithmic form :
y = 8log,(2x).

_ 8In(2x)
[Ans. y T2 ]

Composition of rm'ﬂns, whose domains are
respectively .t .a he composition of f wit oted by fog is the
function defined by (f 0 g)(x)=f{g(x)}

The Domain of f o g is the set of all those x € D, (Domain of g) for which g(x) e

D; (Domain of f). But if the r IS;a subset of domain of f, then domain of
f 0g is same as the domai %m"a

kS %

3 1
Let f(x)= LERE] QI X #—= . What is the valtié of f(f(x)?

fo
1—-+/3x" V3
X—A/3 * b x2+2¥x+3
(@) 1+/3x E (b) 1- 243 + 3x

©) 1X—+J§< 9!9 - ﬁ
r [1SI MS QE 2016]

X
Let T(X)= = find fofof.
X -y
[Ans.

1+
Let f(X)=—then fofop V“ajomam.
1-x

If f(x) = e* and g(x) = log X, show that fog = gof.

If f(x) = e* and g(x) = log x, then determine the values of the following :

i (f+9)() (i) (fg)(1) (iii)  (fog)(1)
[Ans. () e (i) 0, (i) 1]
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Q6.

Q7.

Q8.

Q9.

Q10.

Q11.

Q12.

Q13.

If f(x) = [x] and g(x) = |x|, then determine the values of the following :

(i _5j_ (_5] (if) (SJ_ (SJ
(9o}~ (fog) - o3 )-(tog)>

[Ans. (i) 1, (i) 0]

If f(x) = a*, prove that
() fx+y)=f(x).fy) iy  fox—y)=—+X
let A(X) = hat -

()
(i) B(x+yéb>e(;x B(Y), "J A B2AXB(X)

Let f(x)="—=,x=—-22and g(x)= x?, then describe the following

i) fg (||) f (|||)f ), gof

g
2 Q’x+1

2
(Ans. () X *X (..P (iv) (X_Jrl)]
X+ 2 g*) X3+ 2x? f X+ 2

-

Let f(x)=x"+1 an*g (X) =3x+4. Determin*ach of the following :
(i) fog (||)‘ of

[Ans. (i) 9x2+24x+ i) 3x*+7
If f(x) =€ and g(x) = I@ﬁw
[Ans. 3/2]

Let f(qu’ 0<X <§ Find fof.
— <X
fof (x) = 2—x W
4—x, 2<Xx<

ax+2 where a, b, and c are constants, and ¢ = 0. Assuming that x = a/c,

ax+b
=X.
cX—a

[Ans.

Let f(x)=

show that f(
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QL.

Q2.

Q3.
Q4.

Q5.

Q6.

Q7.

Q8.

Q9.

Q10.

Topic VI : Inverse of a Function

-2
Show that function f (x) =3x+ 2 and g(x) = XT are inverses of each other.

Show that function f (x) =+/x—2,x>2 and g(x) = x* + 2, x > 0 are inverses of
each other.

Let f(x) = 2x + 3. Find f L.

Let f(x)=9-x? 0<
[Ans. £- (x)— '.’

Find the inverse functlon of f(x)= X#-1 and verify that fof * is an
x+1'

identity function.

[Ans. f1(x) = 1+X &RAJ @6

o gd X ——log - Y are invéfSe functions,
If £(x)=x"-3x"+x angg is the inverse of f, in a U\II open interval with centre 3,
then find ¢/(3). Q
[Ans. 1/10] 9‘9 @

o rya3
+

 X#3
3

Show that y =

Let h(x) ==

(i)  Find the inverse of h.

(i) Fi nge of h.
X+11, (i) yeR] a@

[Ans.(i)

Show that f has an invers func“graphs of f and g. How are the two

Let f be defined on [0, 5] By f(x
graphs related?

Let f(x) = x? + 3, x > 0. Does this function have an inverse? Sketch both f(x) and its
inverse (if it exists). Show both curves in one graph.
[Ans. No, it does not have an inverse]
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Q11.

Q12.

QL.

Q2.

Q3.

Do the following functions have an inverse ? Give reasons for your answer :
i)  F(X)=8x"+4x° +9x® + 21x i) f(x)=10-x

Let f be defined on [0, 1] by f(x) =2x? — x*
(i)  Find the range of the function.
(i) Show that f has an inverse function g, and find a formula for g.

Topic VII Operations on Functions
Determine which of the f
(i) f(x)= 5x2

s ar reasin dGCfG&Slng or constant functions :
(x J (i) f0=5
[Ans.(1) incr

For each real number X the value y = [x] is the Iargest integer that is less than or
equal to x. For what values of x is [x] = 0? Graph y for these values of x.

Letf:R2— Rbea function we know that f(x, y) + f(y, z) +

f(z, X) = 0. Then, for ever R2 f(x, y) é@ +f(y, 0) =

@ 0 (b) (c) ﬂ (d)  None of the above.

[Ans. : (C)] A [ISI MS QE 2016]
ol O

% R
anonofn‘eV“%nctlons

Measurement of an angle
In this system unit of measurem
gle = 90° (90 degrees)

Sexage*?tem
60’ 60 minutes)
Mi easurement is a radian.
One radian is defined as an angle ¥orme e centre of circle by an arc whose

Circular measure of an le |
length is equal to the radius of circle.

Radian is a constant angle. It is equal to . It is denoted as 1°.

We have 7° =180° = 2rt/s .
Conversion of angles in degrees into angles in radians
0°=(0°* n)/180
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Relation between Trigonometric ratios

sing — Perpendicular 0SECH — Hypote_nuse
Hypotenuse Perpendicular
cosé = _ Base secH = Hypotenuse
Hypotenuse Base
fang — Perpendicular cotd = Base
Base Perpendicular
Valug,of T-ratios
0 0 45° 60° 90°
sin 2 1
cosg | V3/2 142 hﬁ 0
tan 0 0 /43 1 J3 o
cosec 4 0 2 V2 2/\3 1
sec 6 1 [ J2 2 ©
© 0

cot 6 /3
ggonometrlcl ities
(i) sinPA+cos?A=1 ?
= COs?A=1-
i) sec?A=1+tan’A
(ii) f
= sec? A-tan’A % Q
(iii) cosec? A=1+cot? A a@
= cosec’A—cot?A=1
Quadrant Rule
o
(180 + x)

= SinPA=1- cos ';
= sec?A—1=tan °
—~  cosec?A-1=cotA My d
; @(90 + X)
(270 - x)
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A
2. 1i I
sin, cosec +ve ALL +ve
tan, cot +ve cos, sec +ve
11 AV}
\ 4

Rule

In FIRST quadr !onometrlc ratlols are p(ﬂa

In SECOND quadrant only sin and cosec are positive, other’s are negative
In THIRD quadrant only tan and cot are positive, other’s are negative and
In FOURTH quadrant only cos and sec are positive, other’s are negative.

eRAJ

Aid to memory \9
After  School # College %

| | |
All Sin Tan Cos -

3. At t/2 and 3m/2

sin chang% COoS & g cos changes to sin

tan change cot changes to tan

?ot &
sec changes t c" é cosec changes to sec

At t and 2r NO CHANGE

io’s of sum and difference of tw
S|n(A+B) B+cosAsmB
sin(A—-B) =si 0S B
cos (A + B) =cos

cos (A —B) =cos A CoS sin A
tan A+tan B tan A—tan B

tan (A+B) = 1-tan AtanB tan (A-B) = 1+tan Atan B
cot (A + B) = COtAcotB -1 cot (A —B) = COLAcot B +1
cot B +cot A cotB—cot A
sin(A + B + C) = sin A.cos B.cos C + cos A.sin B.cos C + cos A.cos B.sin C —
sin A.sin B.sin C
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cos(A + B + C) = cos A.cos B.cos C — cos A.sin B.sin C —sin A.cos B.sin C —
sin A.sin B.cos C
tan(A+ B +C)= tan A+tanB +tanC —tan AtanBtanC

1-tan AtanB -tanBtanC —tanC tan A

Representation of product of T-ratio’s as sum or difference
2 sin A cos B =sin (A +B) +sin (A—-B)
2 cos Asin B =sin (A +B)—-sin (A-B)
2 cos A cos B =cos (A + B) +cos (A — B)

2 sin Asin B =cos (A - s (
Represent fJ — ratigis as product

sin A + sin 2S|n

A+B J
cos A + cos B = 2cos - > \96
cos A—Ccos B = _oq; BsinA_B ﬂ
2 2 -

sin? A —sin? B = sin (Ait+ B) sin (A — B) = cos? B —go0s? A
cos? A —sin? B = cos (A '+ B) cos (A — B) = cos? B='sin? A
tan C + tan D = tan(C @[1 tan C . tan D] = SUWC + D)

cos D

tan C —tan D = tan(C — Dﬁ&lan C . tan % 'i:(C D)

cosC.cos D

cot(C + D) sinC.sin D

cotC cotD+1 - —sin(C-D)
gc D) sinC.sin Da
tan

cot C —

. _ _ 2tan A
sin2A =2sin Acos A= T+tan A an 2A = T_tan’ A
cos 2A = c0S°A —sin’A =2 cos’A-1

=1-2si2A  =1-tan’A
1+tan? A
1—cos 2A = 2sin? A 1+ cos 2A = 2co0s? A
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1— cosmA = 2sin2 ™A 1+ cosmA = 2cos? A

sin 3A =3 sin A —4 sin*A = sin3x=§sinx—lsin3x
cos3A=4cos’A-3cosA = COS3X=§COSX+10033X

tan 3A = 3tan A—tan® A
1-3tan® A

.eRAUV

T ratio’s of sub-multiple angles

. 8 [1-cos@ ¢ |1+coso
sin — = CoS — = .|
2 2 2 2
an @ _ [1-coso QMM 1-cosd
2 \l+cos@ Q, 2 ;+C0s &
0 0
9 @an2 azmnz

sin9=23in9c052=0 tan 8= ;
+tan® —tan®~
2 * 2

o (~ 1—tan2€

Y Y Y it
oS @ = cos ) sin 29‘925m 2_2co%2¢1_1+tan26
l‘\f\!ﬁ" 2

1—cosA=23inzé 1+cosA=2cosZé

2 2
&)’s (r 93 :ultiples
sin18° = \/54_1 cosl8’ = V5

4
\10-24/5 J5+1

4

sin36° = cos36° =
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(i)
(i)
(iii)
(iv)
(V)
(vi)
(vii)
(viii)

(ix)

General Solution of Trigonometric equations:
If sin@d =0,then @ =nx,nel

If cos ¥ =0, then ¢ :(2n+1)%,n el
Iftan 9 =0,then & =nx,n e |
If sin@ =sina, then 6 = nz+(-1)"a,nel

Ifcosd=cosa,then 9 =2n7r+a,n e |
Iftan 9 =0, then@=nzr+a,nel

If sin?@ =sin’«, then @ = ,
If cos?6=cos’a 0 + J
If tan® @ = tapde Tra,nel ..Q
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